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For addressing the remarkable difference between neutrino and quark mixings,
high-scale mixings relations (HSMR) or unification (HSMU) hypotheses were pro-
posed. These neutrino phenomenology frameworks have been explored with respect
to bounds from neutrino oscillations and relevant cosmological experiments. How-
ever there are caveats with regards to assessing the models’ compatibility with data
in a statistically robust and convergent manner. These can be addressed by using
Bayesian algorithms. Global fits of the models to experimental constraints can read-
ily yield compatible parameter regions, including Majorana phases. The posterior
samples could be used for studying correlations between neutrino oservables and
prospects for updates of related experiments.
PACS numbers: 14.60.Pq, 11.10.Hi, 11.30.Hv, 12.15.Lk
I. INTRODUCTION
One of the most interesting and challenging discoveries of recent era in particle physics
is the neutrino mixing. It is quite different from the quark mixing, which in the standard
model (SM) is small. This difference can be explained in various ways for example, via the
quark-lepton unification [1–3], or via the family or flavour symmetries [4–8], which could
also appear in grand unification theories (GUT) [9].
One of the most attractive features of the GUT theories [1–3] is the quark-lepton unifi-
cation. Since quarks and leptons live in a joint representation of the GUT symmetry group,
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2their weak interaction properties are correlated. Hence, in principle one should be able to
derive the origin of the small and the large mixing in the quark and the lepton sectors
respectively and also get probable relations between them, in these theories.
On an other hand, there are experimental evidence about the quark-lepton unification.
One of them is the so-called quark-lepton complementarity relation [10]
θ12 + θC ≈ pi
4
, (1)
which relates the leptonic mixing angle θ12 and the Cabibbo angle θC and is taught to be a
footprint of a high scale quark-lepton unification [10–13]. Other observations suggest [14–18]
θ13 ≈ θC√
2
, (2)
which can also be a hint to some high scale quark-lepton symmetry in an underlying GUT
theory [19].
One way to explain the origin of neutrino and quark mixing is the high scale mixing
unification (HSMU) hypothesis, which is studied in details in Refs.[20–24]. This hypothesis
proposes that, at certain high scale the neutrino and quark mixing angles are identical[25–
27]. Should HSMU predictions get verified, it could be a strong hint of the quark-lepton
unification or some flavour symmetry or both. Also, recently a new parameterisation of
the neutrino mixing angles is proposed both for Majorana [28] and Dirac [29] neutrinos,
called the high scale mixings relation (HSMR), which is inspired by the HSMU hypothesis.
Quantitatively, the HSMU hypothesis can be written in the following way:
θ12 = θ
q
12, θ13 = θ
q
13, θ23 = θ
q
23, (3)
where θij (with i, j = 1, 2, 3) are leptonic mixing angles and θ
q
ij are the quark mixing angles.
The HSMU can be considered a special case of the general mixings relations hypothesis [28]
(HSMR)
θ12 = α
k1
1 θ
q
12, θ13 = α
k2
2 θ
q
13, θ23 = α
k3
3 θ
q
23, (4)
where for the analysis here we have chosen the real constants (k1, k2, k3) = (1, 1, 1). There
are results pointing to the advantage of HSMR over the HSMU. However, here we analyse
both scenarios given the new approach for the parameter space explorations.
Both HSMU and HSMR were analysed within the framework of the SM extended by
the minimum super-symmetric standard model (MSSM). The beginning point of working
3with this hypothesis is to evolve the quark mixing angles from the low scale (mass of the
Z boson) to the supersymmetry (SUSY) breaking scale (which we take equal to 2 TeV)
using the renormalisation-group (RG) evolution of the SM. After that, one uses the MSSM
RG equations for evolution of quark mixing angles from the SUSY breaking scale to the
unification scale, MGUT ∼ 1016 GeV. Then, the HSMU hypothesis dictates one to put the
quark mixing angles equal to that of the neutrinos at the unification scale. In the next
step, using the MSSM RG equations, the leptonic mixing parameters are run down from
the unification scale to the SUSY breaking scale. From the SUSY breaking scale to the low
scale, one uses the SM RG equations to run the mixing parameters.
Although neutrinos could be equally Dirac or Majorana particles in nature and many
experiments are going on to test this issue [30, 31], for Dirac mass of neutrinos, the Yukawa
couplings seem to be unnaturally small. However, there is a subtle way to explain the
smallness of neutrino masses, if they are Majorana particles, called sea-saw mechanism [32–
36]. In this work we assume that neutrinos are Majorana particles. The fact that the RG
evolution of Majorana neutrinos is extensively studied in the literature [20–22, 25–27, 37–44],
facilitates our investigation.
Totally, we have 6 free parameters that control the top-down evolution of the neutrino
mixing parameters namely, the masses of the three light neutrinos mi and the phases: the
Dirac phase δ and the two Majorana phases φi. Because, the HSMU hypothesis predicts
the Dirac phase to be equal to the CKM phase, the Majorana phases are left as arbitrary
parameters since they have no quark counterpart. One chooses these 5 parameters at the
unification scale such that all the mixing parameters at the low scale fall within the 3σ
limit of the neutrino measurements.For this to work, the chosen masses of neutrinos must
be quasi-degenerate (QD) and normal hierarchical [20] and within SUSY framework, tan β
must be large. In [27] it is shown that the Majorana phases damp the radiative magnification
of mixing angles, although there is enough parameter space for the mixing angles to be in
agreement with the low-energy neutrino data.
In the previous works on HSMU hypothesis it is demonstrated that one of the mass square
differences (∆m221) lies outside the 3σ global range [20, 25, 27]. To bring this parameter
into the experimental range one is to take into account the low energy SUSY threshold
corrections [20, 25, 27], without Majorana phases, whose importance for QD neutrinos is
discussed in Refs. [45–48] and [20–22, 25, 26, 28, 38–42]. When one includes Majorana
4phases, there are parameter space regions where no threshold corrections are necessary [27].
In this article, we present a full scan of the HSMU hypothesis via both approaches to
find the whole parameter space where all parameters come into the experimental range
with and without SUSY threshold corrections. The threshold corrections are dependent on
parameters in the charged-slepton sector, especially the ratio R = Me˜
Mµ˜,τ˜
and the wino mass
parameter which we set to 1.2 and 400 GeV respectively. We use a Bayesian parameter space
exploration technique [53–55], applied for HSMU studies for the first time. Likewise, the
inclusion of Majorana phases as free parameters which lead to agreements with all relevant
experimental measurements is addressed here for the first time.
The inclusion of Majorana phases into account for analysing the HSMU neutrinos have
important consequences. For example, Ref. [28] studied the HSMU hypothesis for the Majo-
rana neutrinos without Majorana phases in the CP conserving limit and found an estimate
for the neutrino-less double-beta decay based mass scale, me e above the current bound from
the Gerda [49] and Kamland [50] experiments. The values obtained for this observable
in [27] are also at odds with experiments. The same can be said about the effective β-decay
neutrino mass me. This observable does not depend on whether the neutrinos are Majo-
rana or Dirac. Previous studies have led to sum of the neutrino masses to be above the
cosmological limit [27–29] for both Dirac and Majorana neutrinos. Whereas, including the
Majorana phases and doing a statistically convergent parameter space exploration, using
an interface code developed for this project together with the public codes REAP [52] and
MultiNest [53–55], we find parameter regions with the above mentioned observables well
within the corresponding experimental limits. The results can be tested in the upgraded
versions of the experiments in the future.
Furthermore, we have discovered new strong correlations among different experimental
observables for the HSMU hypothesis with Majorana phases. These correlations do not exist
in the literature and are easily testable in the ongoing and upcoming experiments.
This paper is organised in the following way: In section II, we explain the outline of the
RG running for the mixing parameters of the Majorana neutrinos, including the Majorana
phases. In section III, we describe the basic concepts used in fitting the HSMU neutrino
parameters to experimental measurements. The global fits were done for both cases with
and without threshold corrections. We present the results of our analyses in section IV and
summarise our work in section V.
5II. MAJORANA NEUTRINOS AND MIXING PARAMETERS
The RG evolution of the leptonic mixing parameters for Majorana neutrinos is extensively
discussed in the literature both for the case where Majorana phases are zero [20–22, 25,
26, 38–42] or non-zero [27]. The most often studied scenario is the one where, below the
unification scale, the Majorana mass term for the left handed neutrinos is given by the lowest
dimensional operator [43]
Lκ =
1
4
κgf `CL
g
cε
cdφd `
f
Lbε
baφa + H.c. , (5)
in the SM. In the MSSM, it is given by
LMSSMκ = Wκ
∣∣
θθ
+ h.c. = −1
4
κgf L
g
cε
cdh
(2)
d L
f
b ε
bah(2)a
∣∣
θθ
+ h.c. , (6)
where κgf has mass dimension −1, `CL is the charge conjugate of a lepton doublet and
a, b, c, d ∈ {1, 2} are SU(2)L indices. The double-stroke letters L and h denote the lepton
doublets and the up-type Higgs superfield in the MSSM. Using this mass operator, the
neutrino masses are introduced in a rather model independent way since it does not depend
on the underlying mass-term generation mechanism. Our calculations do not depend on
the new physics and any model which would have generated the dimension five operator.
One such model is the see-saw model, whose RG equations are studied in Ref. [40]. In
fact, previous studies, for Majorana neutrinos with φi = 0, have shown that including the
type-one see-saw mechanism the predictions do not change in any significant way and that
the analysis done with effective dimensional-5 operator is quite robust [28].
Here we do not elaborate on the calculations for the RG running, which can be found
in the above mentioned references. In general, we are interested in the RG evolution of the
masses, the mixing angles and the Dirac and the Majorana phases. The mixing angles and
physical phases are described by the PMNS matrix,which is parameterised as
UPMNS = V · U, (7)
where
V =

c12c13 s12c13 s13e
−iδ
−c23s12 − s23s13c12eiδ c23c12 − s23s13s12eiδ s23c13
s23s12 − c23s13c12eiδ −s23c12 − c23s13s12eiδ c23c13
 , (8)
and
6U =

e−iϕ1/2 0 0
0 e−iϕ2/2 0
0 0 1
,
with cij and sij defined as cos θij and sin θij (i, j = 1, 2, 3), respectively. The quantity δ is
the Dirac phase and ϕ1, ϕ2 are the Majorana phases. In this work, we take Majorana and
Dirac phases to be nonzero. The non-zero phases are expected to have non-trivial impact
on the parameter space. The global experimental status of the leptonic mixing parameter
is summarised in Table I.
PMNS parameters Central values 3σ Ranges
θ12 33.82
+0.78
−0.76 31.61− 36.27
θ23 49.7
+0.9
−1.1 40.9− 52.2
θ13 8.61
+0.12
−0.13 8.22− 8.98
δ 217+40−28 135− 366
∆m21 (10
−5 eV2) 7.39+0.21−0.20 6.79− 8.01
∆m3` (10
−5 eV2) 2.525+0.033−0.031 2.431− 2.622
TABLE I: The central values and 3σ ranges for neutrino parameters from the global fits[51] to
experimental measurements.
For making statistically robust parameter explorations of neutrino models, we developed
an interface that combine together the public packages REAP [52] (Renormalisation Group
Evolution of Angles and Phases) and MultiNest [53–55] via Mathematica++, a library for
executing Mathematica from C++ codes and vice versa 1.
One of the questions since the massiveness of neutrinos was confirmed, has been the scale
of the neutrino mass. For QD and normal hierarchy neutrinos spectra, one has
m1 . m2 . m3 ' m0 (9)
with
m0 
√
∆m232 ≈ 5× 10−2 eV. (10)
1 See www.neelex.com/mathematica++.
7Three alternative and complementary methods exist to measure the neutrino mass scale. The
first one is the neutrino-less double beta decay which assumes that neutrinos are Majorana
particles [56, 57]. The double beta decay effective mass me e, is
me e =
∣∣∣∑U2eimi∣∣∣ = ∣∣m1c212 c213e−iϕ1 +m2s212 c213 e−iϕ2 +m3s213 e−i2δ∣∣ , (11)
which for quasi-degenerate neutrinos becomes
me e ≈ m0
∣∣c212 c213e−iϕ1 + s212 c213 e−iϕ2 + s213 e−i2δ∣∣ . (12)
As a result of the smallness of the sin2 θ13 coefficient, the contribution of m3 is suppressed
and one gets
me e ' m0
√
1− sin2 2θ12 (1− cos(ϕ1 − ϕ2))
2
. (13)
The most stringent limit on me e comes from the Gerda [49] experiment, 0.12 eV ≤ me e ≤
0.26 eV and the more precise Kamland [50] experiment, 0.05 eV ≤ me e ≤ 0.16 eV .
The second method to measure the neutrino mass, is to use the kinematics of β-decay to
determine the effective electron (anti) neutrino mass (mβ), which is a model independent
method and leads to
mβ ≡
√∑
|Uei|2m2i . (14)
The upper bound on mβ from several experiments with tritium beta decay is 2 eV [58, 59, 61].
This has been updated recently to 1.1eV by KATRIN experiment [62], which should enhance
this bound to as low as 0.2 eV at 90% CL within five years [62].
The third method for determining neutrino masses is via cosmological and astrophysical
observations, which depends on the cosmological model applied to the data. The sum of the
neutrino masses, Σmi, obtained in this way, has a range for upper bound to be 0.17− 0.72
eV at 95% CL [64].
III. PARAMETER EXPLORATION AND CONSTRAINTS
Using the interface to the REAP and MultiNest packages we explore the parameter space
of the HSMU and HSMR models. The Bayesian method which is central to the exploration
algorithm is described as follows. Usually the quantity of interest is the Bayesian evidence
and/or the model parameters’ posterior probability distributions. For the model hypothesis,
8H, which could be either HSMU or HSMR, the parameters at the MGUT-scale
m = {φ1, φ2, m1, m2, m3}HSMU (15)
or
m = {φ1, φ2, m1, m2, m3}HSMR (16)
are chosen to be in the ranges specified on Table II. Further, all points within the ranges
were taken equally probable with a constant/flat prior probability distributions, p(m|H).
HSMU Parameter Range
φi=1,2 0 - 360
mi=1,2,3 [eV] 0 - 1
TABLE II: The range of values for the HSMU
Majorana neutrino parameters at the GUT
scale.
HSMR Parameters Ranges
mi=1,2,3 [eV] 0 - 1
α1 & αcp α2 α3 0 - 1 0 - 41 0 - 10
TABLE III: The range of values for the HSMR
Majorana neutrino parameters at the GUT
scale.
The posterior distribution of the parameters in light of the experimental data, d, consid-
ered is given by p(m|d,H). This can be obtained from Bayes theorem
p(m|d,H) = p(d|m,H)p(m|H)
p(d|H) . (17)
Here Z ≡ p(d|H) is the support/evidence for the model which is defined as the probability
density of observing the data set given that the hypothesis is true. The evidence is calculated
as
Z =
∫
p(d|m,H)p(m|H) dm (18)
where the integral is N -dimensional, with N the dimension of the set of parameters, m.
p(d|m,H) is the likelihood, i.e. the probability of obtaining the data set d given the model
parameters, m.
We use the MultiNest algorithm [54, 55] which implements nested sampling technique [53].
The central values, µ, and corresponding uncertainties, σ, for the observables
O = {θ12, θ23, θ13, δCP , ∆m21 , ∆m3`} (19)
make the data set used for fitting the Majorana neutrino parameters,
d = {µi, σi} (20)
9where i = 1, . . . , 8 labels the observables shown in Table I. Assuming these are independent,
the combined likelihood used is
p(d|m,H) =
8∏
i=1
exp [−(Oi − µi)2/2σ2i ]√
2piσ2i
. (21)
Each parameter space point from MultiNest sampling is passed to REAP [40]. This
is used for solving the neutrino physics renormalisation group equations (RGE). The SM
gauge couplings, quark mixing angles, masses of quarks and charged leptons are ran from the
low energy scale (mass of the Z boson) to the supersymmetry (SUSY) breaking scale, and
then to unification scale using MSSM RGEs. At the neutrino see-saw unification scale, the
neutrino mixing angles are set to be equal to those of the quarks while the neutrino masses
and Majorana phases are treated as free parameters. The leptonic mixing parameters are
then run from the unification scale to the low scale. These are required to agree with current
experimental values shown in Table I.
IV. RESULTS
As briefly explained in section I, for work done in the past it was not possible to get ∆m221
to within 3 σ of combined experimental results without adding low energy SUSY threshold
corrections [20, 25, 27] to HSMU neutrino parameters without Majorana phases. In this
article, we have fit the HSMU neutrino parameters with Majorana phases to experiments.
Here we present the results of our analyses for both cases where threshold corrections were
included or neglected. For each case one evolves quark mixing angles, gauge couplings,
Yukawa couplings of quarks and charged leptons from the low scale to the SUSY breaking
scale. Then the evolution continues using the MSSM RG equations up to the unification
scale, where the quark mixing angles after evolution turn out to be θq12 = 13.02
◦, θq13 = 0.17
◦
and θq23 = 2.03
◦. Afterwards, neutrino-mixing angles at the unification scale are extracted
via the high-scale mixings hypothesis and the MSSM RG equations for neutrino mixing
parameters and Majorana phases are run down to the SUSY breaking scale. In the final
step, SM RG equations governs the evolution of mixing parameters. The SUSY breaking
scale is assumed 2 TeV following the direct LHC searches [65] and the value of tan β is
chosen to be 55. We take the unification scale, where the hypothesis could be realised, to
be 2× 1016 GeV. The posterior distributions for the parameters and derived observables are
10
shown in FIG. 1 and FIG. 2 respectively 2.
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FIG. 1: Posterior distributions of the neutrino parameters with (Fit 1) and without (Fit 2) threshold
corrections.
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FIG. 2: Posterior distributions of the Majorana neutrino observables at Z-boson mass scale with
(Fit 1) and without (Fit 2) threshold corrections.
In Table IV we show the central values and 95% confidence intervals or 1σ uncertainty
values for the HSMU and HSMR base and derived parameters. There are many correlations
that can be shown from the posterior samples. Here, in FIG. 3 we show correlations of
the bound on mass of Majorana neutrinos, me e, with other parameters. The posterior
distributions of this quantity are centred around me e ∼ 0.1045 eV as can be seen in FIG. 2 in
agreement with Kamland experimental range. Other interesting observables are the absolute
neutrino mass, me, and sum of the three neutrino masses, Σmi. The posterior distributions
peak around 0.1165 eV for me in accord with the allowed order for the lightest neutrino
mass in QD scenarios and can be tested by laboratory based neutrino experiments such as
KATRIN. During the fits Σmi < 0.36 were imposed to be compatible with cosmological
2 Posterior plots in this article were made using GetDist [63].
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and astrophysical observation [64]. The atmospheric neutrino mixing parameter θ23 is non-
maximal. These observables could be probed further at the ongoing and future experiments
like INO, T2K, NOνA, LBNE, Hyper-K, PINGU and KATRIN [61, 66–71].
Parameter HSMU-1 central value σ HSMR-1 central value 95% BCR range
φ1 214 6.35 38.1 −2.8− 99
φ2 38.8 2.24 16.1 −0.037− 34.8
δ 327 1.22 191 160− 217
Σmi (eV) 0.3595 0.0005 0.325 0.316− 0.331
θ◦12 34.4 0.722 33.8 32.3− 35.3
θ◦13 4.87 0.044 8.61 8.36− 8.86
θ◦23 57.8 0.872 45.3 42.9− 47.4
∆m232 (10
−3eV2) 2.38 0.032 2.43 2.37− 2.49
∆m221 (10
−5eV2) 7.57 0.204 7.40 7.01− 7.80
me e (eV) 0.1047 0.0002 0.104 0.101− 0.107
me (eV) 0.1165 0.0002 0.105 0.102− 1.107
Lightest mν : m1(eV) 0.1165 0.0002 0.104 0.101− 0.106
TABLE IV: The HSMU parameters and derived observable at low scale for both fits, with (Fit 1)
and without (Fit 2) threshold corrections.
Next, both results for the fits with and without threshold corrections differ from
the conclusions in Refs. [27, 43] where the Majorana phases were predicted to be
cos 2(φ1 − φ2) = −0.9 and cos 2(φ1 − φ2) = 0.4− 0.5 at the unification and low energy scale
respectively. This result is most likely due to the low statistics used. Our analyses using
a statistically robust and convergent method yield completely different features as can be
seen in FIG. 3.
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FIG. 3: Posterior distributions of the Majorana neutrino observables at Z-boson mass scale with
(Fit 1) and without (Fit 2) threshold corrections. Top and bottom row plots are for the HSMU
and HSMR hypothesis respectively.
V. SUMMARY AND OUTLOOK
For an insight towards finding the origin of the remarkable difference between the mixing
parameters in neutrino and quark sectors, the high-scale mixings relations or unification
hypotheses were developed and there free parameters were analysed with respect to exper-
iments. In this article we have introduced a Bayesian exploration technique for extending
or complementing previous explorations of model parameters based on the mentioned hy-
potheses. We made full parameter scan via the RG evolution of the Majorana neutrinos
with non-zero Majorana phases and show the correlations between the Majorana phases
and “neutrino less double beta decay mass” me e to be different compared to previous anal-
yses [27, 43] where a few data points at unification scale were used. The package we have
developed for calling REAP [40] Mathematica package from MultiNest [54, 55] can readily
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be used for further comparisons and analyses of various high-scale mixing relations, such as
in [28], with respect to experimental data or constraints.
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